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Abstract

We investigate the differentiability of functions of stationary vectors
associated with operator valued functions as well as the differentiability of
the operator valued functions themselves. We display formulas connecting
the derivatives of the parametric families of operators and vectors. The
results are applied to the case of stochastic kernels.
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Introduction

Weak derivatives of measures and Markov kernels are important concepts in
the optimization of stochastic models [9]. There exist various versions of the
fundamental theorem connecting the derivative of a parametric family of ergodic
Markov Kernels and the derivative of the corresponding parametric family of
stationary vectors. One version is Theorem 3.8 (of this paper) others are [9]
Lemma 3.73 and [5] Theorem 1. The versions differ in the involved test-function
spaces and in the specification of differentiability.

Further we know by [6] Theorem 1 (please notice Remark A.7 of this article)
that we can relax the definition of weak differentiability of parametric families
of Markov kernels such that the definition itself does not involve the existence
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of a derivative object, but that the relaxed definition still implies the existence
of such a derivative object as a nontrivial consequence.

These facts call for a unifying theory of weak differentiation that serves as a
general framework for the discrete time results obtained so far and as a starting
point for the investigation of continuous time Markov processes. It is possible
to build such a framework in a functional analytic setting:

By the interplay of weak and strong structures on normed spaces we
obtain a functional analytic theory for the differentiation of parametric
families of operators and their stationary vectors. The application of our
functional analytic results to Markov kernels and stationary distributions
is straightforward and outlined in this article.

Organization of the paper:

The article is essentially self contained, i.e., the stated results and their
proofs do not rely on other work in the field of weak differentiation. The paper
is especially independent of the results stated in [5], [6], [7] and [9].

In section one we investigate weak differentiability and derivative objects in
our general functional analytic setting. First we introduce in 1.1-1.7 the most
fundamental concepts used in the paper. These are mainly various weak struc-
tures concerning topology, convergence and differentiability. The topological
(and convergence) structures are introduced in a way similar to the concept
of weak differentiability. This provides a unified approach to weak concepts
that is especially helpful for the reader not that familiar with topological vector
spaces and weak topologies. In Lemma 1.13 we consider weak convergence of
sequences/nets of continuous operators on normed spaces. These convergence
results are used to establish Theorem 1.14. The theorem states that the deriva-
tive object of a weakly differentiable parametric family of continuous operators
is again a parametric family of continuous operators. This result is specialized
in the next section to Theorem 2.9.

The concern of section two is the application of Theorem 1.14 to kernel
operators introduced by Definition 2.2. The concept of a stochastic kernel1 that
serves us as a functional analytic counterpart of the concept of a Markov kernel
is introduced. Theorem 2.9 on the differentiability of kernel operators is closely
related to a corrected version (please notice Remark A.7 of this article) of [6]
Theorem 1. The purpose of Theorem 2.9 is to identify the derivative objects
in the setting of kernel operators, i.e., Theorem 2.9 says that the derivative of
a parametric family of kernel operators is again a parametric family of kernel
operators.

Section three connects the sensitivities of continuous linear operators with
the sensitivities of their stationary vectors/distributions. The basic result is
Theorem 3.1. Its proof is based on a homeomorphism theorem for compact

1We decided to use the concept of stochastic kernels instead of the concept of Markov
kernels in our result since it fits better within the functional analytic framework.
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sets, i.e., it is based on a topological result. Thus Theorem 3.6 - that is just
a modification of Theorem 3.1 by Lemma 3.5 - possesses a topological core.
This contrasts the ”algebraic” proof of [5] Theorem 1. Theorem 3.6 of this
paper and [5] Theorem 1 are quite different results. While Theorem 3.6 is
applicable to general test-function spaces, the test-function space involved in [5]
Theorem 1 has to contain certain infinite sums of (the absolute values of) test-
functions. Further the Lipschitz continuity hypothesis on the Markov kernels
in [5] Theorem 1 involves the order structure of the test-function space and is
thus much stronger than the Lipschitz continuity hypothesis on the operators
in Theorem 3.6 and Theorem 3.1 of our article. On the contrary the theorems
3.6 and 3.1 assume Lipschitz continuity of the parametric family of stationary
vectors whereas [5] Theorem 1 works without such a hypothesis.

Section four indicates the applicability of our theory to the Gibbs sampler.
To obtain the results of section four we apply a version of the product rule for
the differentiation of linear operators provided by Lemma A.5 in the appendix.

By Remark 1.8, 1.15, 2.10, 3.4, 3.9 and A.6 there exist modifications of our
main results that are obtained by application of the uniform boundedness prin-
ciple A.4.

We suppose that all topologies under consideration are Hausdorff.

1 Weak differentiability and Derivative Objects

Weak differentiability of families of continuous operators and its consequences
are the concern of this section.

Definition 1.1 Given metric spaces (Θ, d) and (Θ̃, d̃), we say that f : Θ→ Θ̃ is
Lipschitz continuous at a fixed θ0 ∈ Θ if there exists `θ0 such that d̃(f(θ0), f(θ)) ≤
`θ0 · d(θ0, θ) for all θ ∈ Θ. We say that f : Θ → Θ̃ is pointwise Lipschitz con-
tinuous if f is Lipschitz continuous at any θ0 ∈ Θ, i.e., if for any θ0 ∈ Θ there
exists `θ0 such that d̃(f(θ0), f(θ)) ≤ `θ0 · d(θ0, θ) for all θ ∈ Θ. We say that `θ0
is a Lipschitz constant for f at θ0.

Remark 1.2 A pointwise Lipschitz continuous function is in general not Lip-
schitz continuous. A counterexample is provided by the function f : (0, 1] 7→ R
defined by f(x) = sin( 1

x ).

Remark 1.3 Any differentiable2 function f : Θ 7→ R defined on some compact
set Θ ⊂ R is pointwise Lipschitz continuous.

2Let Θ ⊆ R. We say that a function f : Θ→ R is differentiable at θ0 ∈ Θ with derivative
Dθ0f if θ0 is an accumulation point of Θ and for any sequence (θn)n∈N with limn→∞ θn = θ0

we have limn→∞
f(θn)−f(θ0)

θn−θ0
= Dθ0f ∈ R depending on f and θ0 but independent of the

choice of the sequence (θn)n∈N. We say that f : Θ → R is differentiable if f is differentiable
at any θ ∈ Θ.
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Notation 1.4 By the term vector space we always denote a real vector space.
Given a set Ψ we denote by RΨ the space of functions from Ψ to R endowed
with the topology of pointwise convergence (also called the product topology).
Topological properties of sequences/nets in RΨ or subsets of RΨ are always
considered with respect to this topology. The term operator always denotes a
linear operator.

Definition 1.5 Suppose that we are given two vector spaces Ψ, W and a bi-
linear mapping 〈. | .〉 : Ψ×W → R. Let Ξ ⊂W . We say that Ξ is Ψ-separated
if ξ 7→ (〈ψ, ξ〉)ψ∈Ψ is injective and that Ξ is Ψ-compact if {(〈ψ, ξ〉)ψ∈Ψ | ξ ∈ Ξ}
is a compact subset of RΨ with respect to the product topology, i.e., if Ξ is
compact with respect to the weak (also called initial or projective) topology
induced by the mappings ξ 7→ 〈ψ | ξ〉.3

Definition 1.6 Given normed spaces (V, ‖.‖V ) and (W, ‖.‖W ), we denote their
closed unit balls by BV respectively BW . We denote by (L(V,W )‖.‖L) (or for
short L(V,W ), (L, ‖.‖L) or L) the space of bounded (=continuous) linear oper-
ators from V to W endowed with the operator norm ‖L‖L := supv∈BV ‖Lv‖W .
The closed unit ball with respect to ‖.‖L is denoted by BL. Further we let
L(W ) := L(W,W )

Beside Ψ-properties like Ψ-compactness (introduced in Definition 1.5), we
distinguish ‖.‖L-, V -‖.‖W - and Ψ-Γ-properties.4

For example we say that a function θ 7→ Lθ ∈ L is pointwise ‖.‖L-Lipschitz
continuous if it is pointwise Lipschitz continuous from some metric space Θ to
the space L endowed with the operator norm ‖.‖L. We say that a function
θ 7→ Lθ ∈ L is pointwise V -‖.‖W -Lipschitz continuous if for any v ∈ V the
function θ 7→ Lθv is pointwise ‖.‖W -Lipschitz continuous.

Let a bilinear mapping 〈. | .〉 : Ψ ×W → R and a set Γ ⊆ V be given. We
say that a function θ 7→ Lθ ∈ L(V,W ) is Ψ-Γ-differentiable if for any ψ ∈ Ψ
and for any γ ∈ Γ the mapping θ 7→ 〈ψ,Lθγ〉 ∈ R is differentiable. We denote
the derivative of a function f : Θ→ R with respect to θ by df

dθ or Dθf(θ), while
we denote the derivative object of an operator-valued function θ 7→ Kθ at some
θ0 ∈ Θ by K ′θ0 .

Definition 1.7 5 Let Ψ and Ξ be vector spaces and let 〈. | .〉 : Ψ× Ξ→ R be
a bilinear mapping such that Ξ is Ψ-separated.

3For the definition and fundamental properties of product and weak topologies see [12]
Section 8; for projective topologies in a topological vector space context see [10] Chapter II
Section 5.

4‖.‖L-properties are often called uniform properties and ‖.‖W -properties are often called
strong properties in the literature. Ψ respectively Ψ-Γ-properties are usually called weak or
weak-∗ properties.

5Of course all the Ψ- and Ψ-V -concepts in Definition 1.7 are just the usual topological
concepts with respect to the respective initial topologies. We state them explicitly for the
convenience of the reader not that familiar with topological concepts.
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Let (ξn)n∈N be a net6 of vectors ξn ∈ Ξ such that (limn∈N (〈ψ | ξn〉)ψ∈Ψ

exists in RΨ and let ξ ∈ Ξ be such that (〈ψ | ξ〉)ψ∈Ψ = (limn∈N (〈ψ | ξn〉)ψ∈Ψ.
Then we say that the net (ξn)n∈N Ψ-converges to its Ψ-limit ξ and write ξ =
Ψ lim ξn.

We say that L ∈ L(V,Ξ) is a Ψ-V -limit of the net (Ln)n∈N if
(〈ψ | Lv〉)(ψ,v)∈Ψ×V is a limit point of the net ((〈ψ | Lnv〉)(ψ,v)∈Ψ×V )n∈N in
RΨ×V .

Further we say that K ⊂ L(V,Ξ) is Ψ-V -compact if

{(〈ψ | Kv〉)(ψ,v)∈Ψ×V | K ∈ K} is a compact subset of RΨ×V .

We let Ψ
∑
n∈N ξn :=Ψ limn∈N

∑n
m=1 ξm. Analogously we define Ψ

∫
as the

Ψ-limit of an appropriate sequence/net of finite sums. (We will actually need
the Ψ-integral Ψ

∫
of a Ξ-valued function only in Example 2.12. The integrand

under consideration will be continuous for the Ψ-topology on Ξ and the integral
can be simply taken in the sense of Riemann.)

Remark 1.8 Before we start our investigations we remark that Proposition A.1
can be used to provide modifications of some results proved in this paper. For
example it can be used in the case that (V, ‖.‖V ) is a Banach space to relax the
Lipschitz continuity assumption on θ 7→ Lθ in Theorem 3.1 or Theorem 3.6 from
pointwise ‖.‖L-Lipschitz continuity to pointwise V -‖.‖W -Lipschitz continuity.
The advantage of pointwise V -‖.‖W -Lipschitz continuity over pointwise ‖.‖L-
Lipschitz continuity is that it might be more easily verified in some concrete
settings. However both kinds of Lipschitz continuity are by Proposition A.1
in the case that (V, ‖.‖V ) is a Banach space equivalent. By Lemma A.3 and
Proposition 1.3 further relaxations of the Lipschitz continuity assumptions are
possible (and outlined in the remarks 1.15 and 1.16).

Remark 1.9 The following rather trivial Proposition (1.10)7 is used in the
proof of Lemma 1.13. This lemma is crucial for the existence of derivative

6A net is a function from a directed set N to some topological space. For details concerning
directed sets, nets and net-convergence consult [12] section 11. Note that N is a directed set
and that a sequence is a special kind of a net.

7Proof of Proposition 1.10: The case ψ = 0 is trivial. Therefore we suppose that ψ 6= 0.
We further suppose without loss of generality (by continuity of 〈.|.〉 : Ψ ×W → R, rescaling
the norms if necessary) that for ψ ∈ Ψ and w ∈W

〈ψ | w〉 ≤ ‖ψ‖Ψ · ‖w‖W .

To prove (3) we have thus to show that ∀ε > 0, ∀ψ ∈ Ψ \ {0}, ∀v ∈ V there exists a

neighborhood U0 of 0 ∈ Θ̃ such that

∀θ ∈ U0

∣∣〈ψ | [Lθ − L0]v〉
∣∣ < ε

Thus let ε > 0, ψ ∈ Ψ \ {0} and v ∈ V be given. Choose γ ∈ Γ such that ‖v− γ‖ < ε
3‖ψ‖ and

let U0 be such that

∀θ ∈ U0

∣∣〈ψ | [Lθ − L0]γ〉
∣∣ < ε

3
.

Then ∣∣〈ψ | [Lθ − L0]v〉
∣∣ ≤∣∣〈ψ | Lθ[v − γ]〉

∣∣+
∣∣〈ψ | [Lθ − L0]γ〉

∣∣+
∣∣〈ψ | L0[γ − v]〉

∣∣ ≤
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objects K ′θ ∈ L(V,W ) if we are given that θ 7→ 〈ψ | Kθ γ〉 is differentiable for
γ ∈ Γ with Γ a ‖.‖V -dense subset of V . (Compare with Theorem 1.14, (7), (8)
and (9)).

Proposition 1.10 Let (Ψ, ‖.‖ψ), (W, ‖.‖W ) and (V, ‖.‖V ) be normed spaces.
Suppose that W is Ψ-separated via the ‖.‖Ψ-‖.‖W -continuous bilinear mapping

〈.|.〉 : Ψ × W → R. Let Γ be a ‖.‖V -dense subset of (V, ‖.‖V ). Let Θ̃ be a

topological space and let 0 ∈ Θ̃ denote some distinguished point. Let (Lθ)θ∈Θ̃ ∈
(L(V,W ))Θ̃ be such that:

(∀θ ∈ Θ̃) (Lθ ∈ BL, i.e., ‖Lθ‖ ≤ 1), (1)

(∀γ ∈ Γ)(∀ψ ∈ Ψ)

(
lim
θ→0
〈ψ | Lθγ〉 = 〈ψ | L0γ〉

)
. (2)

Then

(∀v ∈ V )(∀ψ ∈ Ψ)

(
lim
θ→0
〈ψ | Lθv〉 = 〈ψ | L0v〉

)
. (3)

Remark 1.11 In Proposition 1.10 the bilinear mapping 〈. | .〉 : Ψ × W →
R is ‖.‖Ψ-‖.‖W -continuous and W is Ψ separated. Thus we can identify W
algebraically with a subspace of the topological dual8 Ψ∗ of Ψ via ψ∗w(ψ) :=
〈ψ | w〉.

The propositions 1.10 and 1.12, the lemmas 1.13 and A.5 as well as the
theorems 1.14, 3.1 and 3.6 can be modified in accordance with this observation.9

But note that in general (W, ‖.‖W ) is not topologically equivalent to a sub-
space of the Banach-Dual (Ψ∗, ‖.‖Ψ∗) of (Ψ, ‖.‖Ψ).

Proposition 1.12 Let (Ψ, ‖.‖ψ), (W, ‖.‖W ) and (V, ‖.‖V ) be normed spaces.
Suppose that W is Ψ-separated via the ‖.‖Ψ-‖.‖W -continuous bilinear mapping

‖ψ‖ · ‖Lθ‖ · ‖v − γ‖+
∣∣〈ψ | [Lθ − L0]γ〉

∣∣+ ‖ψ‖ · ‖L0‖ · ‖v − γ‖ <

‖ψ‖ · 1 ·
ε

3‖ψ‖
+
ε

3
+ ‖ψ‖ · 1 ·

ε

3‖ψ‖
= ε. 2

8By the term ”topological dual of Ψ” we denote the vector space of continuous linear
functionals on (Ψ, ‖.‖Ψ).

9One has simply to replace the sentence:

”Suppose that W is Ψ-separated via the ‖.‖Ψ-‖.‖W -continuous bilinear mapping
〈.|.〉 : Ψ×W → R.”

in the propositions, lemmas and theorems by

”Suppose that W is (algebraically equivalent to) a subspace of the topological dual of
Ψ and that 〈. | .〉 : Ψ×W → R defined by 〈ψ | w〉 := w(ψ) is ‖.‖Ψ-‖.‖W -continuous.”,

respectively one has to replace the corresponding sentences that contain V , v in place
of W , w.
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〈.|.〉 : Ψ ×W → R. Suppose further that the unit ball BW is Ψ-compact. Then
BL is Ψ-V -compact.10

Lemma 1.13 Let (Ψ, ‖.‖ψ), (W, ‖.‖W ) and (V, ‖.‖V ) be normed spaces. Sup-
pose that W is Ψ-separated via the ‖.‖Ψ-‖.‖W -continuous bilinear mapping 〈.|.〉 :

Ψ×W → R. Let Γ be a ‖.‖V -dense subset of (V, ‖.‖V ). Let Θ̃ be a topological

space and let 0 ∈ Θ̃ denote some distinguished point. Suppose that the unit ball

BW is Ψ-compact. Let the mapping (θ 7→ Lθ) ∈ (L(V,W ))Θ̃\{0} be such that

(∀θ ∈ Θ̃ \ {0}) (Lθ ∈ BL) (4)

and that
(∀ψ ∈ Ψ)(∀γ ∈ Γ) lim

h→0
〈ψ | Lhγ〉 exists. (5)

Then there exists a unique operator L0 ∈ L(V,W ) such that (3) holds.

Proof: By Proposition 1.12 the unit ball BL is Ψ-V -compact. Thus we conclude
from (4) the existence of an operator L0 such that11

L0 ∈ BL is a Ψ-V -limit of some ultranet (Lθn)n∈N

for that θn → 0.
(6)

Further (4) and (6) together imply (1) while (6) and (5) together imply (2).
Application of Proposition 1.10 thus proves (3). Since W is Ψ-separated the
operator L0 is unique and the lemma has been proved. 2

Theorem 1.14 Let (Ψ, ‖.‖Ψ), (V, ‖.‖V ) and (W, ‖.‖W ) be normed spaces. Sup-
pose that W is Ψ-separated via the ‖.‖Ψ-‖.‖W -continuous bilinear mapping 〈.|.〉 :
Ψ×W → R. Let Γ ⊆ V be a ‖.‖V -dense subset of V and let BW be Ψ-compact.

Let (Kθ)θ∈Θ⊆R be a parametric family of operators Kθ ∈ L(V,W ). Suppose
that:

θ 7→ Kθ is Ψ-Γ-differentiable and (7)

(A) θ 7→ Kθ is pointwise ‖.‖L-Lipschitz continuous.

10Proof of Proposition 1.12: The proof of Proposition 1.12 proceeds along the lines of
the proof of the Theorem of Alaoglu Bourbaki (see [2] 5.7.5 or [10] Chapter III, Section
4.3 Corollary): We note that Ψ separates W and thus all topologies under consideration
are Hausdorff and the limits of ultranets are unique. By the product theorem of Tychonov
K :=

∏
v∈V ‖v‖ · BW is compact. Further BL ⊆ K and the topology under consideration

on BL is the topology that BL inherits from K as a subspace of K. It thus remains to be
proved that BL is a closed subspace of K. Let thus (Ln)n∈N be an ultranet in BL. Then by
compactness of the Hausdorff space K there exists a unique limit L0 of (Ln)n∈N in K. To
prove that L0 ∈ BL it suffices to show that L0 is linear from V to W . But this is easily seen
since linearity is preserved by limits with respect to Hausdorff vector space topologies. 2

11By [12] Theorem 17.4 a space is compact if and only if every ultranet converges.
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Then

(∀v ∈ V )(∀ψ ∈ Ψ) (Dθ〈ψ | Kθv〉 exists),

i.e., θ 7→ Kθ is Ψ-V -differentiable
(8)

and there exists an operator K ′θ ∈ L(V,W ) such that

(∀v ∈ V )(∀ψ ∈ Ψ) (Dθ〈ψ | Kθv〉 = 〈ψ | K ′θv〉),

i.e., θ 7→ K ′θ is the Ψ-V -derivative of θ 7→ Kθ.
(9)

(B)



Let Ω ⊆ V and let A ⊆ P(Ω) be a σ-algebra. Suppose that for all
ψ ∈ Ψ and all θ ∈ Θ the mappings

ω 7→ 〈ψ | Kθω〉 from Ω to R

are A-measurable. Then for all ψ ∈ Ψ and all θ ∈ Θ the mappings

ω 7→ 〈ψ | K ′θω〉 from Ω to R are also A-measurable.

(C)



Suppose that we are given a constant c ∈ R and a Ψ-V -continuous
linear functional

F : L(V,W )→ R such that (∀θ ∈ Θ) (F (Kθ) = c).

Then
F (K ′θ) = 0.

Remark 1.15 If (V, ‖.‖V ) is a Banach space then - according to Remark 1.8 -
hypothesis (A) of Theorem 1.14 can be relaxed to

(A’) θ 7→ Kθ is pointwise V -‖.‖W -Lipschitz continuous.

If in addition Ψ is a Banach space with respect to the norm ‖.‖Ψ and

‖.‖W ≤ sup
ψ∈BΨ

〈ψ|w〉, (10)

then hypothesis (A) of Theorem 1.14 can - by Lemma A.3 - be further relaxed to

(A”) θ 7→ Kθ is pointwise Ψ-V -Lipschitz continuous.

Remark 1.16 If we suppose that Γ = V and that Θ is (locally) compact, then
the differentiability hypothesis (7) on θ 7→ Kθ implies by Remark 1.3 that (A”)
holds (in some compact neighborhood of θ0). Thus we obtain, in the case that
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(V, ‖.‖V ), (Ψ, ‖.‖Ψ) are Banach spaces such that (10) is fulfilled, Γ = V and Θ is
locally compact, that Theorem 1.14 holds true without any Lipschitz condition
on θ 7→ Kθ.

Proof of Theorem 1.14: The mapping θ 7→ Kθ is by hypothesis (A) pointwise
‖.‖L-Lipschitz continuous. Let θ ∈ Θ be a fixed but arbitrarily chosen point and
suppose without loss of generality that the Lipschitz constant of θ 7→ Kθ at θ
equals 1. Let Θ̃ = Θ− θ := {ϑ− θ | ϑ ∈ Θ}. For 0 6= h ∈ Θ̃ let Lh := Kθ+h−Kθ

h .
Then Lh ∈ BL and, by hypothesis (7), for any ψ ∈ Ψ and γ ∈ Γ the limit
limh→0〈ψ | Lhγ〉 exists. By an application of Lemma 1.13 we obtain that there
exists a unique L0 ∈ BL such that (3) holds, i.e.,

(∀v ∈ V )(∀ψ ∈ Ψ)

(
lim
θ→0
〈ψ | Lθv〉 = 〈ψ | L0v〉

)
. (11)

If we let K ′θ = L0 then equation (11) becomes (9) and thus further (8) has been
established.

The A-measurability of

ω 7→ 〈ψ | K ′θω〉 = 〈ψ | L0ω〉

follows from the A-measurability (applying hypothesis (B)) of

ω 7→
〈
ψ

∣∣∣∣Kθ+ 1
n
−Kθ

1
n

ω

〉
=
〈
ψ
∣∣∣L 1

n
ω
〉

for n ∈ N and the fact that a pointwise sequential limit of A-measurable func-
tions is again A-measurable.

That F (K ′θ) = 0 follows from hypothesis (C), since by (C) and (11)

0 = lim
h→0

F (Kθ+h)− F (Kθ)

h
= lim
h→0

F (Lh) = F (Ψ-V lim
h→0

Lh) = F (L0) = F (K ′θ).

2

2 Differentiation of kernel operators

This section is concerned with the differentiation of parametric families of kernel
operators and the existence and structure of their derivative objects.

Definition 2.1 Let (X , τ) be a locally compact second countable topological
space. We denote by (Cc(X ), ‖.‖∞) the space of continuous real valued functions
with compact support on X endowed with the norm of uniform convergence. By
(C0(X ), ‖.‖∞) we denote the completion of Cc with respect to the ‖.‖∞-norm,
i.e., C0 denotes the space of functions that vanish at infinity. In the case that
X is compact the spaces Cc(X ) and C0(X ) coincide with the space C(X ) of all
continuous real valued functions on X . Let B be the family of Baire-measurable
subsets of X , i.e., the σ-algebra generated by the compact sets. We denote
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by (M(X ), ‖.‖V ar) the space of signed σ-additive finite measures on (X ,B)
endowed with the total variation norm. We note that by the representation
theorem of Riesz (see [2] 5.2.9) M(X ) = (Cc(X ), ‖.‖∞)∗12 Further M(X ) =
(D, ‖.‖∞)∗ for any ‖.‖∞-dense linear subspace D of C0. Thus by the Theorem
of Alaoglu Bourbaki (see [2] 5.7.5 or [10] Chapter III, Section 4.3 Corollary)
the closed unit ball BV ar of M(X ) is D-compact. Further we let M0(X ) :=
{µ ∈ M(X ) | µ(X ) = 0}. We denote by δx the Dirac measure at x given by
δx(A) := 1IA(x).

Definition 2.2 We say that K ∈ L((M(X ), ‖.‖L) is a kernel operator on X if

(∀B ∈ B) (x 7→ [Kδx](B)) is B-measurable (12)

and

(∀B ∈ B) (∀µ ∈M(X )) [Kµ](B) =

∫
[Kδx](B)dµ(x). (13)

Remark 2.3 We say that a kernel operator is a stochastic kernel if it is positive
(i.e., for µ non-negative, we also have Kµ non-negative), and for all µ ∈M(X )
we have µ(X ) = [Kµ](X ). Note that there is a one-to-one correspondence
between the space of stochastic kernels and the space of Markov-kernels, i.e.,
any stochastic kernel can be interpreted as a Markov kernel and vice versa.13

Lemma 2.4 A second countable locally compact space X is a polish (completely
metrizable and separable) space. Further a second countable locally compact
space is σ-compact , i.e., it is the union of a countable family of compact sets.14

2

Remark 2.5 Following Lemma 2.4, we endow X with a metric d such that
(X , d) becomes a polish space whenever this seems convenient to us.

Definition 2.6 Let D be a family of ‖.‖∞-bounded real valued functions over

some measurable space (X ,B). We denote by Dseq
the closure of D with respect

to sequential pointwise convergence of ‖.‖∞-bounded sequences.

Lemma 2.7 Suppose that D is a ring of ‖.‖∞-bounded real valued functions
over some measurable space (X ,B). Suppose that G generates the σ-algebra

B ⊆ P(X ) and that {1IX } ∪ {1IG | G ∈ G} ⊆ D
seq

. Then {1IB | B ∈ B} ⊆ D
seq

12M(X ) = (Cc(X ), ‖.‖∞)∗ holds since locally compact second countable spaces are σ-
compact. A locally compact (non σ-compact) counterexample is provided by any uncountable
set X endowed with the discrete topology. In the case of such a X the space M(X ) contains
the measure µ that is 0 on countable sets and 1 on complements of countable sets. But the
action of µ on (Cc(X ), ‖.‖∞) is indistinguishable from the action of the 0-functional, i.e., the
measure that equals 0 on all sets (countable and co-countable).

13Let K be a stochastic kernel, then a Markov kernel K̃ is given by (x,B) 7→ K̃(x,B) :=

[Kδx](B). If K̃ is a Markov kernel, then µ 7→ [Kµ](.) :=
∫
K̃(x, .) dµ(x) is a stochastic kernel.

14See: [3] (Bourbaki, General Topology II), Chapter IX, §2, Section 9, the Corollary follow-
ing Proposition 16 and further §6, Section 1, the Corollary following Proposition 2.
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Proof: Since D is a ring Dseq is again a ring. Note that the operation of
complementation B 7→ X \B in the σ-algebra B corresponds to 1IB 7→ 1IX − 1IB

in the ring Dseq
while the formation of countable intersections (Bn)n∈N 7→⋂

n∈NBn corresponds to the formation of the limit of products (1IBn)n∈N 7→
limn∈N

∏n
i=0 1IBi in the ring Dseq

. 2

Lemma 2.8 Let D be a ‖.‖∞-dense subspace of C0(X ) for some second count-
able locally compact space X and let B denote the σ-algebra of Baire measurable
subsets of X . Then hypothesis (12) is equivalent to

(∀ψ ∈ D) x 7→
∫
ψ d[Kδx] is B-measurable (14)

and hypothesis (13) is equivalent to

(∀ψ ∈ D) (∀µ ∈M(X ))

∫
ψ d[Kµ] =

∫
dµ(x)

∫
ψ d[Kδx]. (15)

Proof: That (12) implies (14) and that (13) implies (15) follows by an appli-
cation of the dominated convergence Theorem since any ψ ∈ C0 is B-measurable
and ‖.‖∞-bounded.

To prove the converse of both implications it suffices by the fact that D is a
‖.‖∞-dense subspace of C0(X ) and the dominated convergence theorem to prove
that for B ∈ B we have that 1IB is an element of C0

seq
. Since C0 is a ring and the

space G of compact subsets of X generates the σ-algebra B it suffices further by
Lemma 2.7 to show that for any G ∈ G we have that 1IG ∈ C0

seq
and 1IX ∈ C0

seq
.

Let thus G be a compact subset of X and let An := {x ∈ X | d(x,G) ≥ 1
n}.

By Urysohn’s Lemma ([12] 15.6) there exist continuous functions ψn : X → [0, 1]
such that ψn |An= 0 and ψn |G= 1. We thus obtained a ‖.‖∞-bounded sequence
(ψn)n∈N of functions ψn ∈ C0 taking values in [0, 1] such that

lim
n∈N

ψn(x) = 1IG(x) and thus 1IG ∈ C0
seq
.

Further there exists by σ-compactness of X (see Lemma 2.4) an increasing
sequence (Gn)n∈N of compact sets such that

⋃
n∈NGn = X . Thus

1IX = lim
n∈N

1IGn ∈ C0
seq
. 2

Theorem 2.9 Let (Kθ)θ∈Θ⊆R be a parametric family of kernel operators on a
locally compact, second countable space (X , d). Let D be a ‖.‖∞-dense subset of
C0 and let Γ be a ‖.‖V ar-dense subset of M(X ). Suppose that θ 7→ Kθ is point-
wise M(X )-‖.‖V ar-Lipschitz continuous and D-Γ-differentiable. Then there ex-
ist kernel operators K ′θ ∈ L(M(X )) such that

∫
ψ d[K ′θµ] = Dθ

∫
ψ d[Kθµ] for

ψ ∈ C0 and µ ∈M(X ).



Sensitivity analysis of Linear Operators 12

Remark 2.10 If D := C0 then the Lipschitz continuity hypothesis can be re-
laxed to pointwise C0-M(X )-Lipschitz continuity. This follows from Remark
1.15 and the fact that (C0, ‖.‖∞) is a Banach space and (M(X ), ‖.‖V ar) is its
Banach dual. If in addition Γ =M(X ) and Θ is locally compact, then by Re-
mark 1.16 the Theorem 2.9 holds without any Lipschitz continuity assumption
on θ 7→ Kθ.

Proof: Taking Remark 1.15 into account the application of Theorem 1.14
with (V, ‖.‖V ) := (W, ‖.‖W ) := (M(X ), ‖.‖V ar), Ψ := D and 〈ψ | µ〉 :=

∫
ψ dµ

gives that there exist operators K ′θ ∈ L(M(X )) such that

(∀µ ∈M(X )) (∀ψ ∈ D)

(
Dθ

∫
ψ d[Kθµ] =

∫
ψ d[K ′θµ]

)
.

Thus to prove the lemma, we just have to show that the operators K ′θ are ker-
nel operators15, i.e., we have - by Lemma 2.8 - to show that (14) and (15) are
fulfilled for K = K ′θ.

(14) holds for K = Kθ and K = Kθ+h, with θ, θ+h ∈ Θ arbitrary. Since the
pointwise limit of a sequence of B-measurable functions is again B-measurable
we obtain that

(∀ψ ∈ D)

(
x 7→

∫
ψ d[K ′δx]

)
≡
(
x 7→ lim

h→0

∫
ψ d[Kθ+hδx]−

∫
ψ d[Kθδx]

h

)
is B-measurable, i.e., (14) holds for K = K ′θ.

16

To prove (15) for K = K ′θ we let

Cn :=

x
∣∣∣∣∣∣ sup
h∈[− 1

n ,0)∪(0, 1
n ]

∣∣∣∣∫ ψ d[Kθ+hδx]−
∫
ψ d[Kθδx]

h

∣∣∣∣ ≤ n
 .

Note that Cn ⊆ Cn+1 and that
⋃
n∈N Cn = X .

Letting µn(B) := µ(B ∩ Cn) for all B ∈ B, we obtain by dominated con-

vergence (since by our hypothesis on Cn the functions
∣∣∣ ∫ ψ d[Kθ+hδx]−

∫
ψ d[Kθδx]

h

∣∣∣
15The alternative would be that the K′θ are more general operators that could be written

in the form K′θ = κθ,1Kθ,1 − κθ,2Kθ,2 with Kθ,1, Kθ,2 generalized stochastic operators as
used in LeCam Theory and κθ,1, κθ,2 ≥ 0. (For the definition of these generalized stochastic
operators See [4] and [11].)

16Alternatively we could have used Theorem 1.14 (B) to prove that (14) holds for K = K′θ.
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are eventually, i.e., for small h, uniformly bounded by n on Cn) that∫
ψ d[K ′θµn] = lim

h→0

∫
ψ d[Kθ+hµn]−

∫
ψ d[Kθµn]

h
=

= lim
h→0

∫
dµn(x)

∫
ψ d[Kθ+hδx]−

∫
ψ d[Kθδx]

h
=

∫
dµn(x)

∫
ψ d[K ′θδx]

(16)

Taking into account that K ′θ ∈ L(M(X )), that µn converges with respect to
‖.‖V ar to µ and that

∣∣∫ ψ d[K ′θδx]
∣∣ ≤ ‖ψ‖∞ · ‖K ′θ‖L is bounded, we obtain from

(16) by letting n→∞ that∫
ψ d[K ′θµ] = lim

n→∞

∫
ψ d[K ′θµn]

= lim
n→∞

∫
dµn(x)

∫
ψ d[K ′θδx] =

∫
dµ(x)

∫
ψ d[K ′θδx] ,

i.e., we obtain that (15) holds for K = K ′θ. 2

Remark 2.11 Even if the operators Kθ in Theorem 2.9 are stochastic kernels
the kernel operators K ′θ are not necessarily elements of L(M(X ),M0(X )) as
example 2.12 below (that concerns the even more simple situation of the differ-
entiation of pointwise ‖.‖V ar-Lipschitz continuous probability-measure valued
functions) shows. However, if X is compact then 1IX ∈ C0(X ) and thus for
stochastic Kθ and all µ ∈M(X )∫

1IX d[K ′θµ] = lim
h→0

∫
1IX d[Kθ+hµ]−

∫
1IX d[Kθµ]

h
= lim
h→0

µ(X )− µ(X )

h
= 0,

i.e., K ′θ ∈ L(M(X ),M0(X )) holds.

Example 2.12 Define for θ ∈
[
0, 1

2

)
probability measures µθ on [0,∞) by

µθ :=
1

1− θ
·
∫
s∈(θ,1)

U[0, 1s ]
ds,

with U[0, 1s ]
the uniform distribution on

[
0, 1

s

]
. Then

µ′0 := C0 lim
h→0

µh − µ0

h
= µ0 6∈ M0(X ).

Remark 2.13 The family (µθ)θ∈Θ is differentiable in a much stronger sense
than just C0-differentiability. Thus we obtain µ′0 = µ0 since calculation gives for
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any α ∈ (0,∞) that

µ′0[0, α] = lim
h↓0

µh([0, α])− µ0([0, α])

h

= lim
h↓0

1

1− h

∫
s∈(h,1)

U[0, 1s ]
([0, α]) ds −

∫
s∈(0,h]

U[0, 1s ]
([0, α]) ds

=

∫
s∈(0,1)

U[0, 1s ]
([0, α]) ds − 0 = µ([0, α]).

Remark 2.14 Example 2.12 shows that in general for locally compact X the
unit ball B0 := BV ar ∩M0(X ) of (M0(X ), ‖.‖V ar) is not C0-compact. However,
in the case that X is even compact, we obtain by the fact that C0 = C that B0 is
as the intersection of the C-compact set BV ar with the C-closed set M0 = {µ |∫

1IX dµ = 0} itself C-compact (= C0-compact).

Example 2.15 Let µθ denote the measures defined on [0,∞) in Example 2.12.
Let measures µ̃θ on [0,∞] be given by µ̃θ(A) = µθ(A∩ [0,∞)). Then according
to Remark 2.11 µ̃′0 ∈M0(C([0,∞])), i.e., µ̃′0([0,∞]) = 0. Further

µ̃′0(A ∩ [0,∞)) = µ′0(A) = µ0(A) = µ̃0(A ∩ [0,∞)).

Thus µ̃′0({∞}) = −1 since the mass µ̃′0([0,∞)) = 1 has to be compensated and
the only set where this compensation can take place is the singleton {∞}.

3 Sensitivity of stationary vectors

In this section we investigate the interdependence of the sensitivities of operators
and their stationary vectors.

Theorem 3.1 Let (Ψ, ‖.‖Ψ) and (V, ‖.‖V ) be normed spaces. Suppose that V
is Ψ-separated via the ‖.‖Ψ-‖.‖V -continuous bilinear mapping 〈.|.〉 : Ψ×V → R.
Let W ⊆ V and let ‖.‖W be the restriction of ‖.‖V to W . Suppose that

BW is Ψ-compact. (17)

Let Θ ⊆ R. Let (Lθ)θ∈Θ be a parametrized pointwise ‖.‖L-Lipschitz continuous
family of operators in L(V,W ) such that

the restrictions LWθ of Lθ to W are injective (18)

and
the operators LWθ are Ψ-Ψ-continuous. (19)

Let (πθ)θ∈Θ be a pointwise ‖.‖V -Lipschitz-continuous family of vectors πθ ∈ V .
Suppose that

(∀θ, θ̂ ∈ Θ) (πθ − πθ̂ ∈W ). (20)
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Suppose θ 7→ Lθ is Ψ-V -differentiable and that

(∀θ ∈ Θ) (Lθπθ = 0) (21)

holds. Then πθ is Ψ-differentiable

L′θπθ ∈ Im(LWθ ) and π′θ = −(LWθ )−1L′θπθ.

Remark 3.2 Note that a linear operator LWθ : W → W is Ψ-Ψ-continuous if
and only if

(∀ψ ∈ Ψ) (∃ψ̃ ∈ Ψ) 〈ψ|LWθ .〉 = 〈ψ̃|.〉

Remark 3.3 Analogously to Theorem 1.14 we could have stated Theorem 3.1
for Ψ-Γ-differentiable θ 7→ Lθ with Γ a ‖.‖V -dense subset of V .

Remark 3.4 The Remarks 1.15 and 1.16 concerning Theorem 1.14 hold for
Theorem 3.1 instead if we replace θ 7→ Kθ by θ 7→ Lθ.

Under the hypothesis that (Ψ, ‖.‖Ψ) is a Banach space we can also relax
pointwise ‖.‖V -Lipschitz continuity of θ 7→ πθ by Proposition A.2 to pointwise
Ψ-Lipschitz continuity.

Proof of Theorem 3.1: Note that W is Ψ-separated since it is a subspace
of the Ψ-separated space V . Note further that the hypotheses - and thus also
the conclusions - of Theorem 1.14 are fulfilled if we let Lθ = Kθ and Γ = V .
Without loss of generality we suppose that 0 ∈ Θ and prove the assertions of
Theorem 3.1 just for θ = 0. To do this we suppose without loss of generality
that 1 is a ‖.‖V -Lipschitz constant for θ 7→ πθ at θ = 0. Let ψ ∈ Ψ be arbitrary.
By (21)

0 = lim
h→0

〈
ψ

∣∣∣∣Lhπh − L0π0

h

〉
=

lim
h→0

〈
ψ

∣∣∣∣ [Lh − L0]π0

h

〉
+lim
h→0

〈
ψ

∣∣∣∣ [Lh − L0][πh − π0]

h

〉
+lim
h→0

〈
ψ

∣∣∣∣L0[πh − π0]

h

〉
.

The second term vanishes by pointwise norm-Lipschitz continuity of πθ and
Lθ. The first term converges by the Ψ-V -differentiability hypothesis on Lθ and
Theorem 1.14 to 〈ψ | L′0π0〉 with L′0 ∈ L(V,W ). Thus the third term converges
to −〈ψ | L′0π0〉 and thus we obtain by application of (20) that(

lim
h→0

〈
ψ

∣∣∣∣LW0 [πh − π0]

h

〉)
ψ∈Ψ

=

(
lim
h→0

〈
ψ

∣∣∣∣L0[πh − π0]

h

〉)
ψ∈Ψ

=

(−〈ψ |L′0π0 〉)ψ∈Ψ,

i.e., we obtain that

Ψ lim

[
LW0

πh − π0

h

]
= −L′0π0. (22)
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By the hypothesis that θ 7→ πθ is ‖.‖V -Lipschitz continuous at 0 with Lipschitz-
constant 1 and (20), we obtain that{

πh − π0

h

∣∣∣∣h ∈ Θ \ {0}
}
⊆ BW (23)

By an application of the fact that

an injective continuous mapping from a compact Hausdorff space
to an arbitrary Hausdorff space is a homeomorphism onto its image
(compare with [12] Theorem 17.4)

to the conjunction of (17), (18) and (19) we conclude that

LW0 is a Ψ-Ψ-homeomorphism from BW onto the image LW0 (BW ),

i.e.,

the inverse (LW0 )−1 of LW0 is Ψ-Ψ-continuous from LW0 (BW ) to BW . (24)

We conclude from (22), (23) and (24) that

Ψ lim
πh − π0

h
= (LW0 )−1

(
Ψ lim

[
LW0

πh − π0

h

])
= −(LW0 )−1L′0π0.

Thus

π′0 :=Ψ lim
h→0

[πh − π0]

h
exists, L′0π0 ∈ Im(LW0 ) and π′0 = −(LW0 )−1L′0π0.

2

Lemma 3.5 Let Ψ and W be vector spaces and let 〈. | .〉 : Ψ ×W → R be a
bilinear mapping, such that W is Ψ-separated.

Let K : W →W be a Ψ-Ψ-continuous operator. (25)

Suppose that

(∀w ∈W ) Ψ
∞∑
i=0

Kiw exists . (26)

Then w ∈W implies that
Ψ lim
n∈N

Knw = 0, (27)

(id−K) : W →W is a bijection, and Ψ
∞∑
i=0

Kiw = (id−K)−1w. (28)
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Proof: (27) is an immediate consequence of (26). Further

(id−K)

n∑
i=0

Kiw = (id−Kn+1)w (29)

From (25), (26), (29) and (27) we conclude that

(id−K)Ψ
∞∑
i=0

Kiw =Ψ lim
n→∞

(id−K)

n∑
i=0

Kiw =Ψ lim
n→∞

(id−Kn+1)w = w. (30)

Analogously we conclude that

Ψ
∞∑
i=0

Ki(id−K)w = w. (31)

From (30) and (31) we obtain that (id − K) is a bijection from W to W and
that Ψ

∑∞
i=0K

iw = (id−K)−1w, i.e., (28) has been proved. 2

Theorem 3.6 Let the hypotheses of Theorem 3.1 with the exception of (18) be
fulfilled. Let KW

θ := id− LWθ and let Kθ = id− Lθ. Suppose that

(∀w ∈W ) Ψ
∞∑
i=0

[
KW
θ

]i
w exists. (32)

Then the Ψ-derivative π′θ of θ 7→ πθ exists and is given by

π′θ = (id−KW
θ )−1K ′θπθ =Ψ

∞∑
i=0

Ki
θK
′
θπθ. (33)

Proof: Note that Ψ-Ψ-continuity of LWθ implies Ψ-Ψ-continuity of KW
θ . Note

further that for K := KW
θ (32) becomes (26) and thus the hypotheses of Lemma

3.5 are fulfilled. Thus Lemma 3.5 (28) holds withK = KW
θ and we conclude that

LWθ = (id−KW
θ ) is invertible and thus that (18) holds. Thus the hypotheses of

Theorem 3.1 as well as the hypotheses of Lemma 3.5 with K = KW
θ are fulfilled.

We thus conclude (33) from the conjunction of the consequences of Theorem 3.1
and Lemma 3.5 with K = KW

θ , noting that K ′θ = −L′θ. 2

Remark 3.7 If (V, ‖.‖V ) and (Ψ, ‖.‖Ψ) are Banach spaces and Θ is locally
compact then by remarks 1.16 and 3.4 the Theorem 3.6 holds without any
Lipschitz continuity hypothesis on θ 7→ Lθ resp. θ 7→ Kθ.

Theorem 3.8 Let Θ ⊆ R be locally compact. Let (Kθ)θ∈Θ be a family of
stochastic kernels17 on a compact second countable space X with stationary
probability distributions (πθ)θ∈Θ (i.e., πθ ∈ M(X ) is positive, πθ(X ) = 1 and

17See Remark 2.3 for the definition of a stochastic kernel.
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Kπθ = πθ). Suppose that θ 7→ Kθ is C(X )-M(X )-differentiable and that θ 7→ πθ
is pointwise ‖.‖V ar-Lipschitz continuous. Suppose further that the operators

KM0

θ := Kθ


M0(X )

are C(X )-C(X )-continuous and that

∀π ∈M0(X ) C
∑
n∈N

[KM0

θ ]nπ exists.

Then θ 7→ πθ is C(X )-differentiable and its derivative θ 7→ π′θ fulfills

π′θ =
(
id−KM0

θ

)−1

K ′θπθ =C
∞∑
i=0

Ki
θK
′
θπθ.

Proof: Let (Ψ, ‖.‖Ψ) := (C, ‖.‖∞), let (V, ‖.‖V ) := (M, ‖.‖V ar) and let
(W, ‖.‖W ) := (M0, ‖.‖V ar). Since (C, ‖.‖∞) and (M, ‖.‖V ar) are Banach spaces,
Remark 3.7 implies that the hypotheses of Theorem 3.6 are fulfilled. 2

Remark 3.9 The operatorsK ′θ in Theorem 3.8 are by Theorem 2.9 kernel oper-
ators. By Remark 3.4 (Proposition A.2) we can replace the Lipschitz continuity
conditions on θ 7→ πθ in Theorem 3.8 by pointwise C(X )-Lipschitz continuity.

Remark 3.10 Note that for non-compact locally compact spaces X the proof
of Theorem 3.8 does not work, since the unit ball B0 of (M0, ‖.‖V ar) is by
Remark 2.14 in general not C0-compact. Thus one has either to replace the
space (M0, ‖.‖V ar) by an appropriate space - depending on the parametric
family (Kθ)θ∈Θ under consideration - or one has to compactify X and work
within the compactification, for example within the one point compactification.
Corresponding to the use of the one point compactification one can replace C0
by the direct sum C0 ⊕ R (of C0 and the one dimensional space of constant
functions on the locally compact space X under consideration) and M0(X ) by
the subspace {(µ, cµ) | µ(X ) + cµ = 0} of M(X )× R.

4 Application

We apply the results obtained so far to the sensitivity of a discrete approximation
of the truncated Brownian bridge with respect to the truncation parameter θ
(see Example 4.5 and Remark 4.6). By (40) we see that in the case of Example
4.5 the sensitivity analysis of a parametric family πθ of probabilities on an
m-dimensional space boils down to the calculation of the sensitivities of one-
dimensional distributions.

Theorem 4.1 Let Θ ⊆ R be locally compact. Suppose that Kθ,i ∈ L(M(X))
with i = 1, . . . ,m are parametrized families of stochastic kernels on a compact
second countable space X with a joint family of stationary probability distribu-
tions (πθ)θ∈Θ, i.e., such that Kθ,iπθ = πθ ∈ M(X) for i = 1, . . . ,m. Suppose
that the mappings θ 7→ Kθ,i are C(X )-M(X )-differentiable, that the operators
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Kθ,i are C(X )-C(X )-continuous and that θ 7→ πθ is pointwise ‖.‖V ar-Lipschitz
continuous. Let further Kθ := Kθ,1Kθ,2 . . .Kθ,m and suppose that

∀π ∈M0(X ) C
∑
n∈N

Kn
θ π exists. (34)

Then θ 7→ πθ is C(X )-differentiable and its derivative θ 7→ π′θ fulfills

π′θ =
(
id−KM0

θ

)−1

K̂θπθ =C
∞∑
i=0

Ki
θK̂θπθ, (35)

with K̂θ =
∑m
j=1Kθ,1Kθ,2 . . .Kθ,j−1K

′
θ,j

Proof: The theorem follows from Theorem 3.8 and Lemma A.5 taking
Kθ,iπθ = πθ for i = 1, . . . ,m into account. 2

Remark 4.2 Theorem 4.1 can be viewed as a result concerning the differenti-
ation of a parametric family of systematic scan Gibbs samplers, with the opera-
tors Kθ,i providing versions of the respective conditional probabilities. (Consult
[8] Section 6 for more information concerning the Gibbs sampler.)

Remark 4.3 The Lipschitz continuity hypothesis concerning θ 7→ πθ in Theo-
rem 4.1 can be weakened in analogy with Remark 3.9.

Proposition 4.4 Let m ≥ 1 be a fixed integer, and let ρ ∈ (1,∞) be fixed.
Let νρ be a probability measure on [−ρ, ρ]m having a density f (with respect to
Lebesgue measure λ) such that 1/c ≤ f ≤ c for some constant c ∈ (0,∞). Let

for θ ∈
(

1
ρ , ρ
)

probability measures νθ be defined by

νθ(B) :=
νρ(B ∩ [−θ, θ]m)

νρ([−θ, θ]m)
. (36)

Then θ 7→ νθ is ‖.‖V ar-Lipschitz continuous (if
(

1
ρ , ρ
]

is endowed with the usual

euclidean distance induced by |.|). 2

Example 4.5 We denote by N(e, σ2)(.) the probability distribution of the nor-
mal law on (R,B) with expectation e and variance σ2, i.e., we let

φ(x) :=
1√
2π
· e− x

2

2 and N(e, σ2)(B) :=

∫
y∈B

1

σ
· φ
(
y − e
σ

)
dy.

Let n ∈ N be such that n > 2 but otherwise arbitrary. Let X = {0}×[−ρ, ρ]n−1×
{0} and let for i = 1, . . . , n− 1 and θ ∈

(
1
ρ , ρ
]

Kθ,iδx := δx0 ⊗ δx1 ⊗ · · · ⊗ δxi−1 ⊗ µθ,xi−1,xi+1 ⊗ δxi+1 ⊗ · · · ⊗ δxn−1 ⊗ δxn (37)
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with

µθ,xi−1,xi+1
(A) :=

N
(

max
(

min
(
xi−1+xi+1

2 , θ
)
,−θ

)
, 1

2n

)
(A ∩ [−θ, θ])

N
(

max
(

min
(
xi−1+xi+1

2 , θ
)
,−θ

)
, 1

2n

)
([−θ, θ])

(38)

and x0 = xn = 0.

Let Kθ := Kθ,1Kθ,2 . . .Kθ,n−1.

We are going to sketch that in this example the hypotheses of Theorem 4.1
hold and thus that the calculation of K ′θ can - by an application of (35) - be
reduced to the calculation of one dimensional derivatives.

To do this we need first of all for any θ ∈ (0,∞) the existence and uniqueness
of a probability πθ on (X ,B) such that πθ = Kθπθ. Existence and uniqueness
of such a stationary probability πθ is a consequence of the Doeblin minorization
theorem ([1] Theorem 9.1) if we can show that there exists a measure κθ on X ,
such that

(∀x ∈ X ) (∀B ∈ B(X )) (Kθδx(A) ≥ κθ(A)).

We note that such a measure κθ is given by cθ ·δ0⊗
⊗n−1

i=1 U[−θ, θ]⊗δ0 for some
sufficiently small cθ > 0 and U[−θ, θ] the uniform distribution on [−θ, θ]. Fur-
ther by [1] Theorem 9.1 we obtain that the rate of convergence is geometrically
bounded by

sup
x∈X ,B∈B

|[Km
θ δx](A)− πθ(A)| ≤ (1− cθ)m

and thus that the convergence rate is geometrically bounded with respect to the
variation norm by

sup
x∈X
‖Km

θ δx − πθ‖V ar ≤ 2 · (1− cθ)m. (39)

From (39) we obtain that (34) holds. C(X )-C(X )-continuity of the operators
Kθ,i, i.e., continuity of x 7→

∫
φ d[Kθ,iδx] for continuous φ, is easily checked.

Further it is not difficult to check that the M(X )-C(X )-derivative K ′θ,i of
θ 7→ Kθ,i exists. It is given by

K ′θ,iδx := δ0 ⊗ δx1
⊗ · · · ⊗ δxi−1

⊗ µ′θ,xi−1,xi+1
⊗ δxi+1

⊗ · · · ⊗ δxn−1
⊗ δ0

with
µ′θ,xi−1,xi+1

= k1 · δθ + k2 · δ−θ − (k1 + k2) · µθ,xi−1,xi+1
(40)

for appropriate k1, k2 ∈ R depending on xi−1, xi+1 and θ.
It finally remains to check that θ 7→ πθ is pointwise ‖.‖V ar-Lipschitz contin-

uous. This may be considered as the most difficult part in applying our theory.
We outline a short sketch of the arguments needed in the case of our example:

Let measures νθ implicitly be defined by πθ =: δ0⊗νθ⊗δ0, with δ0 the Dirac
measure at 0 on R and let implicitly operators K̃θ be defined by

δ0 ⊗
[
K̃θν

]
⊗ δ0 := Kθ[δ0 ⊗ ν ⊗ δ0].
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One next shows that (37) and (38) imply (36) and that (37) and (38) further im-

ply that there exists a constant c̃θ ∈ R such that
d[K̃θν]
dλ ≤ c̃θ for any probability

ν and thus especially dνθ
dλ =

d[K̃θνθ]
dλ ≤ c̃θ. Thus the hypotheses of Proposition

4.4 are fulfilled and we conclude that θ 7→ νθ and thus further that θ 7→ πθ is
pointwise ‖.‖V ar-Lipschitz continuous.

Remark 4.6 The stationary distributions πθ in Example 4.5 can be considered
as discrete approximations of truncations (the paths are uniformly bounded by
θ) of the Brownian bridge on [0, 1].

Remark 4.7 As we already mentioned in Example 4.5 it is in general difficult
to check the Lipschitz continuity of the mapping θ 7→ πθ. It would therefore be
interesting to know whether Lipschitz continuity of θ 7→ πθ can be replaced by
other - more easily checkable - hypotheses without restricting our results to the
situation considered in [5].

Remark 4.8 It would be interesting to know whether the results of this sec-
tion lead to sensitivity estimates for the Gibbs sampler that are applicable in
computer simulation.

A Appendix

Proposition A.1 Let (V, ‖.‖V ) be a Banach space and let (W, ‖.‖W ) be a
normed space. Let (Θ, d) be a metric space. A function θ 7→ Lθ ∈ L(V,W )
is pointwise ‖.‖L-Lipschitz continuous if and only if it is pointwise V -‖.‖W -
Lipschitz continuous.

Proof: Of course pointwise ‖.‖L-Lipschitz continuity implies pointwise V -
‖.‖W -Lipschitz continuity. So it only remains to prove the converse. Suppose
that θ 7→ Lθ ∈ L(V,W ) is pointwise V -‖.‖W -Lipschitz continuous. Let θ0 ∈ Θ
be arbitrarily chosen but fixed. Then for any θ ∈ Θ \ {θ0} and any v ∈ V we

have that
∥∥∥ [Lθ−Lθ0 ]v

d(θ,θ0)

∥∥∥ ≤ lv for some constant lv. Thus the family (Rθ)θ∈Θ\{θ0}

of operators Rθ :=
Lθ−Lθ0
d(θ,θ0) is pointwise bounded. By the uniform boundedness

principle (see Proposition A.4) it is therefore uniformly bounded, which proves
the proposition. 2

Proposition A.2 Let (Ψ, ‖.‖Ψ) be a Banach space and let (W, ‖.‖W ) be a
normed space. Let 〈.|.〉 : Ψ×W → R be a bilinear mapping such that

‖w‖W ≤ sup
ψ∈BΨ

〈ψ | w〉. (41)

Let (Θ, d) be a metric space and let θ 7→ πθ be a mapping from (Θ, d) to
(W, ‖.‖W ). Then pointwise Ψ-Lipschitz continuity of θ 7→ πθ implies pointwise
‖.‖W -Lipschitz continuity of θ 7→ πθ.
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Proof: Let θ0 ∈ Θ be arbitrarily chosen but fixed. Pointwise Ψ-Lipschitz
continuity of θ 7→ πθ implies that for any θ ∈ Θ \ {θ0} and any ψ ∈ Ψ we

have that
∣∣∣〈ψ ∣∣∣πθ−πθ0d(θ,θ0)

〉∣∣∣ ≤ lψ for some lψ ∈ R. Thus the family (rθ)θ∈Θ\{θ0} of

linear functionals rθ(.) :=
〈
.
∣∣∣πθ−πθ0d(θ,θ0)

〉
from Ψ to R is pointwise bounded. By

the uniform boundedness principle (Proposition A.4) rθ is uniformly bounded
on BΨ. Thus pointwise ‖.‖W -Lipschitz continuity of θ 7→ πθ follows from the
definition of rθ and (41). 2

Lemma A.3 Let (Ψ, ‖.‖Ψ) and (V, ‖.‖V ) be Banach spaces and let (W, ‖.‖W )
be a normed space. Let 〈.|.〉 : Ψ × W → R be a bilinear mapping such that
‖w‖W ≤ supψ∈BΨ

〈ψ | w〉. Let (Θ, d) be a metric space. Then Ψ-V -Lipschitz
continuity of θ 7→ Lθ ∈ L(V,W ) implies ‖.‖L-Lipschitz continuity of θ 7→ Lθ.

Proof: If we fix v and let πθ := Lθv, then θ 7→ πθ is Ψ-Lipschitz continuous.
By an application of Proposition A.2 we obtain from the Ψ-Lipschitz continuity
of θ 7→ πθ that θ 7→ πθ is ‖.‖W -Lipschitz continuous. This implies that θ 7→ Lθ
is V -‖.‖W -Lipschitz continuous. Thus an application of Proposition A.1 proves
the Lemma. 2

The following proposition is a version of the well known uniform boundedness
principle. It follows immediately from [10] Chapter III Section 4.2 Corollary.

Proposition A.4 Let (V, ‖.‖V ) be a Banach space and let (W, ‖.‖W ) be a
normed space. Let R ⊂ L(V,W ) be such that (∀v ∈ V ) (sup{‖Rv‖W | R ∈
R} <∞). Then sup{‖R‖L | R ∈ R} <∞. 2

Lemma A.5 (Product rule for weak differentiation of Operators.) Let (Ψ, ‖.‖Ψ)
and (V, ‖.‖V ) be normed spaces. Suppose that V is Ψ-separated via the ‖.‖Ψ-
‖.‖V -continuous bilinear mapping 〈.|.〉 : Ψ× V → R. Let Θ ⊆ R. Let (Kθ,1)θ∈Θ

and (Kθ,2)θ∈Θ be parametrized pointwise ‖.‖L-Lipschitz continuous, Ψ-V -
differentiable families of Ψ-Ψ-continuous operators in L(V ), both bounded in
norm. Then (Kθ)θ∈Θ := (Kθ,1Kθ,2)θ∈Θ is also a parametrized pointwise ‖.‖L-
Lipschitz continuous, Ψ-V -differentiable family of Ψ-Ψ-continuous operators
and

K ′θ = Kθ,1K
′
θ,2 +K ′θ,1Kθ,2. (42)

Proof: Pointwise Lipschitz continuity of θ 7→ Kθ as well as Ψ-Ψ-continuity of
the operators Kθ for θ ∈ Θ are easy consequences of the respective hypotheses
on (Kθ,1)θ∈Θ and (Kθ,2)θ∈Θ. Thus we have to show the Ψ-V -differentiability of
θ 7→ Kθ and that equation (42) holds. This is done as follows:

We suppose without loss of generality (by continuity of 〈.|.〉 : Ψ × V → R,
rescaling the norms if necessary) that 〈ψ | v〉 ≤ ‖ψ‖Ψ · ‖v‖V for all ψ ∈ Ψ and
v ∈ V .

Choose ψ ∈ Ψ and v ∈ V arbitrary. By Ψ-Ψ-continuity of Kθ,1 and Remark

3.2 there exists ψ̃ ∈ Ψ such that 〈ψ̃ | .〉 = 〈ψ | Kθ,1.〉. Let further ṽ := Kθ,2v.



Sensitivity analysis of Linear Operators 23

By pointwise ‖.‖L-Lipschitz continuity and Ψ-V -differentiability of θ 7→ Kθ,1

and θ 7→ Kθ,2 we obtain that for any ε > 0 there exists an ηε ∈ (0,∞) such that
|h| ≤ ηε implies

1

h
‖Kθ+h,1 −Kθ,1‖L · ‖Kθ+h,2 −Kθ,2‖L ≤ ε. (43)

and∣∣∣∣〈ψ ∣∣∣∣[Kθ+h,1 −Kθ,1

h
−K ′θ,1

]
ṽ

〉∣∣∣∣ ≤ ε, ∣∣∣∣〈ψ̃ ∣∣∣∣[Kθ+h,2 −Kθ,2

h
−K ′θ,2

]
v

〉∣∣∣∣ ≤ ε.
(44)

Thus let ε > 0 be arbitrarily chosen and let |h| ≤ ηε. Note that the first ≤-
sign in the calculation below follows from (43) while the second is a consequence
of (44). We calculate:

〈ψ|[Kθ+h −Kθ]v〉
h

=
〈ψ|Kθ+h,1[Kθ+h,2 −Kθ,2]v〉

h
+
〈ψ|[Kθ+h,1 −Kθ,1]Kθ,2v〉

h
=

〈ψ|[Kθ+h,1 −Kθ,1 +Kθ,1][Kθ+h,2 −Kθ,2]v〉
h

+
〈ψ|[Kθ+h,1 −Kθ,1]Kθ,2v〉

h
≤

‖ψ‖Ψ · ε · ‖v‖V +
〈ψ|Kθ,1[Kθ+h,2 −Kθ,2]v〉

h
+
〈ψ|[Kθ+h,1 −Kθ,1]Kθ,2v〉

h
=

‖ψ‖Ψ · ε · ‖v‖V +

〈
ψ̃

∣∣∣∣Kθ+h,2 −Kθ,2

h
v

〉
+

〈
ψ

∣∣∣∣Kθ+h,1 −Kθ,1

h
ṽ

〉
≤

‖ψ‖Ψ · ε · ‖v‖V + ε+ ε+ 〈ψ̃|K ′θ,2v〉+ 〈ψ|K ′θ,1ṽ〉 =

‖ψ‖Ψ · ε · ‖v‖V + ε+ ε+ 〈ψ|Kθ,1K
′
θ,2v〉+ 〈ψ|K ′θ,1Kθ,2v〉.

Since ε > 0 has been chosen arbitrarily the calculation shows that

lim sup
h→0

〈ψ|[Kθ+h −Kθ]v〉
h

≤ 〈ψ|Kθ,1K
′
θ,2v〉+ 〈ψ|K ′θ,1Kθ,2v〉. (45)

An analogous calculation shows that

lim inf
h→0

〈ψ|[Kθ+h −Kθ]v〉
h

≥ 〈ψ|Kθ,1K
′
θ,2v〉+ 〈ψ|K ′θ,1Kθ,2v〉. (46)

From (45) and (46) we obtain that

lim
h→0

〈ψ|[Kθ+h −Kθ]v〉
h

= 〈ψ|Kθ,1K
′
θ,2v〉+ 〈ψ|K ′θ,1Kθ,2v〉,

i.e., θ 7→ Kθ is Ψ-V -differentiable and (42) holds. 2

Remark A.6 (Compare with the product rule presented in [7].) If (Ψ, ‖.‖ψ)
and (V, ‖.‖V ) are Banach spaces such that ‖v‖V ≤ supψ∈BΨ

〈ψ | v〉 then Lemma
A.5 holds without imposing a Lipschitz condition on Kθ,1 and Kθ,2. This is
concluded along the lines of 1.15 and 1.16.
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Remark A.7 Considering Remark 2.11, Example 2.12, Example 2.15 and Re-
mark 3.10 of this article, we note that [6] theorems 1, 2 and 3 are literally
incorrect. These theorems as well as their proofs become immediately correct
if the spaces Y considered in [6] are replaced by their one point compactifi-
cations Y∞, respectively [6] Theorem 1 becomes already correct if the space
C•c (Y ) := Cc(Y ) ∪ 1IY in the statement of [6] Theorem 1 is replaced by Cc(Y ).
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